A review of Teichmüller theory
In this section, we review some basic definitions in the Teichmüller theory, for more details, see [3] , [6] .
A Riemann surface R is called hyperbolic if its universal covering is the upper half plane H. The Poincaré metric |dz|/Im z on H descends to a complete metric on R with constant curvature −1, which is called the hyperbolic metric.
Let R be a hyperbolic Riemann surface. A Riemann surface X is marked by R if it is equipped with a qusiconformal homeomorphism f : R → X. Two marked surfaces (X 1 , f 1 ), (X 2 , f 2 ) are equivalent if f 2 • f −1 1 is homotopic to a conformal mapping of X 1 onto X 2 . We call the set of all such equivalence classes [X, f ] the Teichmüller space of R and denote it by Teich(R). The Teichmüller distance between two points
where h is taken over all quasiconformal mappings of X 1 onto X 2 which are homotopic to f 2 • f −1 1 and K(h) ≥ 1 denotes the maximal dilatation of h. The Teichmüller space is simply connected.
its Teichmüller norm is given by
We have the isomorphism T X Teich(R) ∼ = B(X)/Q(X) ⊥ and µ T gives infinitesimal form of the Teichmüller distance. 
One has the following well-known fundamental theorem Theorem 2.1. The Bers' embedding maps the Teichmüller space to a bounded domain in the complex vector space Q(R * ) with
where B(0, r) is the norm ball of radius r in Q(R * ). The Teichmüller metric coincides with the Kobayashi metric on the image of Φ.
In particular, the Teichmüller space carries the Bergman metric.
Weil-Petersson metric
From now on, we suppose R is a Riemann surface of genus g with n punctures. Let ρ(z)|dz| denote the hyperbolic metric. The Weil-Petersson norm on the cotangent space Q(X) ∼ = T * X Teich(R) is defined by
By duality, one gets a Riemann metric g W P on the tangent space of Teich(R). Furthermore, it is a non-complete Kähler metric of negative sectional curvature (cf. [5] , [9] - [11] ). Nevertheless, it was pointed out by Wolpert [12] that its synthetic geometry is quite similar to that of a complete metric of negative curvature. In particular, he proved the following analogue of the classical Cartan-Hadamard theorem:
The exponential map of g W P is a homeomorphism from its domain to the Teichmüller space.
Let d W P (X) denote the Weil-Petersson distance between X and the base point R. We claim the following
Proof. Let (M 0 , o) be a Riemann manifold of constant curvature 0 with a pole o, which has same real dimension as Teich(R). Let g 0 denote the relative Riemann metric. Write g 0 = dr 2 + f (r) 2 dθ 2 in terms of the geodesic polar coordinates around o. Since f satisfies the Jacobi equation
therefore, f (t) = t. By Proposition 2.20 in [2] (cf. pp. 30), the Hessian of r satisfies
To proceed the proof, we recall the following (See Greene-Wu [2] , Theorem A and (4) of Remark 2.3.)
(ii) γ 1 ([0, b]) and γ 2 ([0, b]) are free of conjugate points of p 1 and p 2 respectively.
Then for every nondecreasing function h, one has
Here ρ 1 and ρ 2 denote the distance functions on M 1 and M 2 relative to p 1 and p 2 respectively.
The Levi form is related to the Hessian of a function f by
where J is the complex structure involved. Since g W P has negative sectional curvature (cf. [9] , [11] ), by Theorem 3.1 we can use Hessian Comparison Theorem with respect to (Teich(R), R) and (M 0 , o) to obtain
because of (1). Here u ′ is the tangent vector corresponding to u. A similar inequality also holds for Ju. The proof is then complete.
Remark. Important is that d W P can be extended to the closure of the Teichmüller space (cf. [5] ), in particular, it is a bounded function.
Hyperbolic length function
Given a hyperbolic geodesic γ on R, let l γ (X) denote the hyperbolic length of the corresponding geodesic on X ∈ Teich(R). The length function is very useful in the Teichmüller theory. For instance, it relates the Teichmüller metric as follows ∂ log l γ T ≤ 2 (2) (cf. Theorem 4.2 in [6] ).
It was shown by Wolpert [12] that l γ is a strictly psh function on Teich(R). Furthermore, relying on the computation of Wolpert, Yeung proved the following Theorem 4.1 (cf. [13] , pp. 397). ∂∂l γ ≥ 2 lγ ∂l γ∂ l γ .
A finite set of hyperbolic geodesics {γ j } j∈A is said to fill up R if R−∪ j∈A γ j is topologically a disc or a cylinder with one boundary contained in ∂R. When X tends to the boundary of the Teichmüller space, some l γ j (X) tends to zero and some l γ j (X) tends to infinity. Based on short geodesics, McMullen obtained a comparison between the Teichmüller and Weil-Petersson metrics: Theorem 4.2. (cf. Theorem 1.7 in [6] ). For all ǫ > 0 sufficiently small,
uniformly for all v ∈ T X Teich(R). Given s ∈ H with s 2 = 1, by Cauchy's estimate, if we express s = s * (z)dz 1 ∧ · · · ∧ dz m in a neighborhood of X 0 by the above embedding,
Here O(1) denotes a term which is bounded above by a constant independent of X 0 .
Set ψ = j∈A log l γ j .
Note that Theorem 4.1 implies ∂∂ log l γ j ≥ (∂ log l γ j )(∂ log l γ j ), ∀j.
Hence by Cauchy-Schwarz inequality, we have |A|∂∂ψ ≥ ∂ψ∂ψ (5) where |A| denotes the length of A. Note also that
because of (2). Thus there exists a constant c 0 > 0 independent of X 0 such that
Set
A direct computation shows
where the first inequality follows from (5) . Hence by Lemma 3.2, Theorem 4.2 and (6), we find a constant C > 0 independent of X 0 such that
holds for all v ∈ T X Teich(R), X ∈ ι(∆ m ).
Let us recall the following well-known L 2 −estimate: because of (6), (7) . Then we obtain a holomorphic m−form s on Teich(R) by setting s = χ(|z|)dz 1 ∧ · · · ∧ dz m − u such that s * (0) = 1,
since ϕ = O(1) and ϕ ∼ 2(m + 1) log |z| near X 0 . Repeating the argument with χ(|z|)dz 1 ∧ · · · ∧ dz m replaced by χ(|z|)z j dz 1 ∧ · · · ∧ dz m for each j, we obtain another holomorphic m−form s 1 on Teich(R) such that ∂s * 1 /∂z j (0) = 1,
The assertion follows from (3), (4), (8), (9) and the well-known extreme property of the Bergman metric.
